We examine the range of rest-mass densities, temperatures and magnetic fields involved in simulations of binary neutron-star mergers and identify the conditions under which the ideal-magnetohydrodynamics approximation breaks down and hence the magnetic-field decay should be accounted for. We use recent calculations of the conductivities of warm correlated plasma in envelopes of compact stars and find that the magnetic-field decay timescales are much larger than the characteristic timescales of the merger process for lengthscales down to a meter. Because these are smaller than the currently available resolution in numerical simulations, the ideal-magnetohydrodynamics approximation is effectively valid for all realistic simulations. At the same time, we find that the Hall effect can be important at low densities and low temperatures, where it can induce a non-dissipative rearrangement of the magnetic field. Finally, we mark the region in temperature and density where the hydrodynamic description breaks down.
Introduction
The recent detections of gravitational waves by the LIGO and Virgo detectors have opened a new chapter in multimessenger astronomy. Among these observations, the recent detection of a gravitational wave signal GW170817 originating from a binary neutron star (NS) inspiral [1] and a gamma-ray burst by the Fermi satellite GRB170817A [2] , which were followed by electromagnetic counterparts [3, 4, 5, 6] , has demonstrated the prominent role that binary neutron-star inspirals can play in astrophysics, particle physics, and cosmology [7] .
The observations of GW170817 and GRB170817A provided the first direct evidence that a class of short gamma-ray bursts can be associated with the inspiral and merger of binary compact stars. As the magnetic field plays a central role in the generation of the GRBs, the physics of inspiral and merger of magnetized neutron stars can now be constrained directly by observations. The magnetohydrodynamics (MHD) simulations of these processes have advanced steadily over the recent past and the post-merger massive compact object can now be followed up to the point of collapse to a black hole over timescales of the order of tens of milliseconds; for reviews see, e.g., [8, 9, 10] . General-relativistic simulations have been carried out in the ideal MHD limit (i.e., with infinite-conductivity) by several groups [11, 12, 13, 14, 15, 16, 17] and a number of works have included the resistive (i.e., finite conductivity) effects [18, 19, 20, 21] .
The aim of this work is to investigate the conditions under which the non-ideal MHD effects can be important in the contexts of neutron star mergers and the evolution of the postmerger object. The motivation for doing so is three-fold. Firstly, the past resistive MHD simulations [18, 21] have used simplified functional forms of conductivities aimed to provide a smooth interpolation between highly conducting core and lowconducting magnetosphere; these were independent of the temperature and composition of matter and were functions of its rest-mass density only. Finite-temperature, composition-dependent conductivities for relevant low-densities have become available recently [22] and will be used in our estimates below. Secondly, the relevance of the Hall effect which arises in anisotropically conducting plasma has not been assessed in the context of binary neutron star merger physics; for studies in the context of cold neutron stars see [23, 24] . We will show below that the Hall effect can play an important role in a certain densitytemperature regime. Thirdly, the density-temperature regime where the MHD approximation breaks down and a kinetic description of plasma is needed has not been established so far.
The novel features of the post-merger remnant object have recently motivated a study of related transport properties of dense matter, such as thermal conduction and bulk and shear viscosities in the absence of electromagnetic fields [25] . On the basis of simple estimates supported by numerical simulations of non-dissipative merger and post-merger process, it was concluded that bulk viscous effects could be important. Along similar lines, here we will adopt a semi-analytical approach to estimate the various timescales with processes listed above, i.e., Ohmic dissipation, Hall effect and breakdown of MHD. This will be supported by the results of ideal MHD simulations, which allow us to estimate the relevant scales of gradients of magnetic field components and density. These simulations validate the fact that the magnetic field gradients are much smaller than those for the density -a crucial underlying assumption of our semi-analytical analysis. Thus, our work is aimed at aiding future dissipative MHD simulations in identifying the various physical regimes when realistic conductivities are employed. This paper is organized as follows. In Sec. 2 we discuss the ideal MHD simulations of binary neutron star mergers. Section 3 collects the relevant formulae for the timescales involved. Our numerical results for the time-and lengthscales are presented in Sec. 4. Finally, our conclusions are given in Sec. 5.
Binary neutron-star merger simulations
The aim of this section is to discuss the relevant scales of magnetic field components and thermodynamical parameters in the simulations of magnetized binary neutron star mergers. As shown below the onset of the resistive MHD regime depends on the resolution of simulations, therefore we will, in addition, discuss this scale. In view of continuous progress in resolving smaller scales in the simulations, it is important to identify the scales at which the resistive MHD becomes mandatory irrespective of current computing capabilities. The current state of the art with respect to resolution is as follows.
The magnetic field in a merger process can be substantially amplified via the Kelvin-Helmholtz instability (KHI) [26] . The magnetorotational instability (MRI) [27, 28] can also take place in the post-merger object. Both instabilities are normally not captured at the typical resolutions of global simulations, that are limited to a grid resolution of the order of 100 − 200 m [29, 30, 31, 32, 33] . At the same time, simulations at ultra-high resolutions of 70 m [34] or even 12 m [16] struggle to describe the KHI in a convergent regime and hence determine reliably the actual magnetic-field amplification. Similarly, while less severe requirements are needed to capture the MRI [35, 16] , the role played by parasitic instabilities in limiting the amplification of the magnetic field is still unclear [36] . Finally, the local shearing-box simulations of special-relativistic MHD turbulence seem to indicate that equipartition level magnetic field magnitudes could be reached [37, 38] .
Let us now turn to the lengthscale over which significant variations of the magnetic field take place, which we denote as λ B . Clearly, this lengthscale is bound from below by the resolution scale of any given simulation, l 0 , which was already mentioned just above. We note that the decay timescale of the magnetic field is proportional to the square of the lengthscale of variation of the magnetic field (see below), therefore it is limited from below by the spatial resolution used in the numerical simulation. Characteristic timescales of simulations also set the upper bound τ 0 over which the relevant quantities need to change to be relevant dynamically. The current highest resolution simulations of the merger process, which were aimed at a better resolution of the KHI and MRI and monitoring of magnetic field amplification [35, 39, 16] , are limited in time after merger due to numerical costs. Lower-resolution simulations can be carried out up to the point of the collapse to a black hole or the formation of a differentially rotating and unstable neutron star, and last typically tens of milliseconds.
To extract the relevant lengthscales we used a simulation of the merger of an equal-mass magnetized binary neutron-star system with a total ADM mass of M ADM = 3.25M and initial orbital separation of 45 km. For the sake of reproducibility, we use the open-source Illinois GRMHD code [40] with the finest resolution of l 0 ≈ 227 m. Each star has a baryon mass of 1.625M and is endowed initially with a poloidal magnetic field fully contained inside the star. The maximum magnetic field in the initial configuration is a bit less than 10 16 G and the merger takes place at t mg 3.5 ms after the start of the simulation.
For illustrative purposes, we show in Fig. 1 the rest-mass density (left panel) and the magnetic-field configuration (right panel) of the hypermassive neutron star (HMNS) created by the merger, at time t − t mg ∼ 14.7 ms. Similar behaviours are seen also at earlier and later times. Note that the rest-mass density of matter drops from nuclear saturation density down to ρ 10 10 g cm −3 over the lengthscale of 30 km, with sharp gradients at z 10 and x 20 km. Except for this transition region, the rest-mass density profile is smooth over the lengthscales of the order of several kilometres. In other words, an approximately constant rest-mass density can be considered when making estimates of quantities over lengthscales of the order of 10 km. This is shown in the lower part of the left panel of Fig. 1 , which reports in a colormap the average scale-height of the rest-mass density
clearly, the large dominance of the dark-blue color in the lowdensity regions outside the core of the HMNS, where the low conductivity of matter may induce resistive-MHD effects, indicates that λ ρ O(10 km) there.
The right panel in Fig. 1 shows the magnitude of the magnetic field, which shows a filament structure with small-scale variations having characteristic lengthscale of the order of kilometres. Interestingly, even in the lowest-density regions, where the rest-mass density is quite uniform, there are significant structures in the field, indicating substantial variations over the lengthscale of kilometres. This is shown in the lower part of the right panel of Fig. 1 , which reports the average scale-height of the magnetic field λ B := B/(∇B) ≈ (B/∂ x B) 2 + (B/∂ z B) 2 ; clearly, in this case, λ B O(1 km) in the low-density regions.
In summary, ideal-MHD simulations generically indicate that: (a) the characteristic lengthscales over which magneticfield variations can be significant are of the order of 1 km or less, with the lower limit on this scale obviously given by the resolution of the simulation; (b) the characteristic lengthscales over which the rest-mass density variations in the low-density regions can be significant are of the order of 10 km. The density of matter is approximately constant over the lengthscales of variation of the magnetic field; (c) the characteristic timescales relevant for the simulations are of the order of 10 ms. These considerations now motivate our assessment of conditions of applicability of ideal MHD that we will provide next and substantiate some of the approximations we will adopt.
Ohmic and Hall timescales
The electrical conductivity of dense matter in neutron stars was studied extensively in the cold regime for temperatures T ≤ 0.1 MeV which are relevant for isolated neutron stars and neutron stars in X-ray binaries [41, 42, 43, 44, 45, 46, 47, 48, 49, 50] ; for a review see [51] . In this regime, the matter is strongly degenerate and the ionic component is solidified, i.e., the electrons are scattered by phonons and impurities. The (right panel); the snapshots refer to t − t mg 14.7 ms of a representative magnetized binary. Shown in the lower parts of the two panels are the scale-heights of the two quantities,
physical properties of the product of the merger, which may form a long-lived but unstable configuration, differ markedly from ordinary neutron stars; for example, the temperatures are of the order of some tens of MeV (∼ 10 11 K) [13, 52, 53, 54] . Furthermore, their differential rotation may lead to additional dissipative heating of the post-merger object before it loses its stability and collapses into a black hole [55, 52] .
The conductivity tensor in a magnetic field for applications to neutron star mergers was obtained recently [22, 56] . This study provides the conductivity tensor for temperatures extending up to T 10 MeV, rest-mass densities down to ρ 10 6 g cm −3 and for non-quantizing magnetic field B ≤ 10 14 G . In particular, the anisotropy in the conduction due to the field, i.e., the tensor structure of the conductivity was taken fully into account.
Now we turn to the derivation of the time-and lengthscales of interest in terms of the conductivity of matter. As is wellknown, the MHD description of low-frequency phenomena in neutron stars is based on the following Maxwell equations
where we assume that the magnetic permeability of matter is unity and neglect the displacement current. The system of equations (1) should be closed by Ohm's law for the electric current j. In the presence of a strong magnetic field, the conduction in neutron star crusts is anisotropic and Ohm's law should be written in a tensor form, i.e., j =σE, whereσ is the electrical conductivity tensor. Substituting the current in the second equation of (1) according to Ohm's law and eliminating the electric field E, we obtain the induction equation, which describes the magnetic-field evolution as
whereˆ is the electrical resistivity tensor (or magnetic viscosity tensor) and is simply the inverse of the electrical conductivity tensor, i.e.,ˆ = (c 2 /4π)σ −1 .
Isotropic conductivity tensor
In the case of isotropic conductionσ i j = δ i j σ = const., and Eq. (2) reduces to
If, as found in Sec. 2, the characteristic lengthscales of variation of the magnetic field are smaller than the lengthscales over which the rest-mass density varies and since σ is a function of the rest-mass density, we can approximate σ as constant over the scale height of the magnetic field. We stress that the validation of this approximation is based on fully dynamical ideal-MHD simulations of binary neutron star mergers described in Sec. 2. Then, upon taking into account that ∇× (∇× B) = ∇ (∇ · B) − ∆B and ∇ · B = 0, we obtain from Eq. (3) 4πσ
A qualitative estimate of the magnetic field decay timescale τ d now can be obtained from Eq. (4) if we approximate |∆B| B/λ 2 B and |∂B/∂t| B/τ d . From these estimates, we find that the magnetic field decay (or diffusion) timescale due to Ohmic dissipation is given by the well-known expression
Anisotropic conductivity tensor
The electrical conductivity tensor in the presence of a strong magnetic field can be decomposed as
where b k = B k /B. Inverting Eq. (6) we find forˆ
where its components are given by
where σ = σ 0 + σ 2 is the longitudinal conductivity, i.e., the electrical conductivity in the absence of magnetic field. If the magnetic field is directed along the z axis, then the tensorsσ andˆ have the form
In fact, one can write down Drude-type formulas for each of the three components of the conductivity tensor in the cases of degenerate or nondegenerate electrons [22] σ = n e e 2 c 2 τ ε ,
Here n e is the electron number density, e is the elementary charge, τ is the electron mean collision time [or microscopic relaxation time, see Eqs. (13) and (30) is the cyclotron frequency, and ε is the characteristic energyscale of electrons. In the degenerate-electron regime ε = ε F , where ε F is the electron Fermi energy; for nondegenerate electrons, instead, ε = 3T/2 + (3T/2) 2 + m 2 c 4 , where T is the temperature and m is the electron mass [22] . From the last expression we recover the well-known results ε = mc 2 + 3T/2 and ε = 3T for the nonrelativistic and ultrarelativistic regimes, respectively.
Although the expressions (12) and (13) were derived only for strongly degenerate or nondegenerate electrons, it has been argued, on the basis of full numerical study, that these can be applied also for arbitrary degeneracy if one takes for ε the characteristic (to the regime) energy scale of electrons [22] .
The components of the resistivity tensor are related to those of the conductivity tensor by relations (8) and (9); using Eqs. (12) and (13) ≡ ,
1 c 2 4π
0 .
We now estimate the right-hand side of Eq. (2) using the matrix (7). Writing
and approximating again ∂ i B B/λ B and using expressions (14) and (15), we arrive at
In the case of small magnetic field ω c τ 1 and we recover the isotropic case from Eq. (2). The evolution of magnetic field is then determined by the Ohmic diffusion timescale τ d given by Eq. (5). Conversely, in the strongly anisotropic regime, where ω c τ 1, the magnetic field evolution is determined by the characteristic timescale τ B given by
which follows from Eqs. (2), (5), (15) and (17) . In the last step, we used the condition of the charge neutrality, which implies n e = Zρ/(Am n ), where Z and A are the charge and the mass number of nuclei, respectively, and m n is the atomic mass unit. Thus, in the strongly anisotropic regime (which is realized for sufficiently high magnetic field and low rest-mass densities) the characteristic timescale over which the magnetic field evolves is reduced by a factor of ω c τ due to the Hall effect. We see from Eq. (18) , that the timescale τ B decreases with an increase of the magnetic field and is independent of the electrical conductivity σ (and, consequently, also of the temperature), which is in contrast to the Ohmic diffusion timescale τ d . The physical reason for this difference lies in the fact that the Hall effect per-se is not dissipative. Note however that it can act to facilitate Ohmic dissipation. For instance, the Hall effect may cause the fragmentation of magnetic-field into smaller structures through the Hall instability, which can then accelerate the decay of the field via standard Ohmic dissipation [see [23, 24] and references therein.]
Estimating magnetic field decay timescale
In order to estimate the Ohmic diffusion timescale given by Eq. (5) we use the following fit formula for the electrical conductivity σ = σ(ρ, T, Z) [22] 
where T and T F are the temperature of the stellar matter and the Fermi temperature of electrons, respectively. While more accurate tables are available [56] , the expression above is accurate up to 10%, which exceeds the accuracy required for our qualitative estimates. The rest-mass density dependence of σ is via the Fermi temperature given by T F = 0.511 1 + (Zρ 6 /A) 2/3 − 1 MeV, where ρ 6 := ρ/(10 6 g cm −3 ). The fitting parameters 
Below, we are interested mainly in the low-density regime of stellar matter, where low values of conductivity could render resistive and Hall effects important. At such low densities, the matter consists mainly of hydrogen or helium nuclei. Assuming now for simplicity Z = A = 1 and using Eqs. (19)- (23) we find an approximation for Eq. (5)
We will use this equation to obtain the low-density estimate below, see Eq. (25).
Numerical results
We start our discussion with the applicability of the ideal-MHD approximation under conditions relevant for the binary neutron star merger simulations by comparing τ d with τ 0 . To set a lower limit for the former, we need to choose values for the rest-mass density and the temperature bearing in mind the values encountered in numerical simulations. More specifically, choosing a rest-mass density still compatible with the hydrodynamic description ρ 6 1 (see discussion below), and a temperature in this regime T 1 MeV, we find T F 0.25 ρ (25) which is clearly much larger than the typical timescales τ 0 = 10 ms involved in a merger. Given the current limitations on the resolution to the order of a meter and choosing the most favorable temperature and density values we can obtain an effective lower limit on τ d by substituting in Eq. (25) λ B = 1 m, ρ 10 −3 g cm −3 , and T = 0.1 MeV, in which case τ d ∼ 10 4 s. This value effectively sets a lower limit for τ d for the adopted resolution scale and is still much larger than τ 0 1 . Thus, our analysis suggests that resistive effects do not play an important role in the MHD phenomenology of binary neutron star mergers and the ideal-MHD approximation is applicable in the entire parameter range of interest. Our conclusion is in contrast with the previous paradigm of onset of dissipative MHD in lowdensity regime [18, 21] where the nearly zero-conductivity of matter would have implied τ d → 0. Figure 2 displays the timescale τ d in a broad range of the rest-mass density (including the extremely dilute regime relevant for the stellar atmosphere) and the typical lengthscale of magnetic field structures for two values of the temperature. It is seen that at the currently available resolution scale the ideal MHD is applicable in most of the density-temperature range. The dissipative effect would become important only if the resolution is increased by at least several orders of magnitude.
We can make similar considerations also for the timescale τ B associated with the Hall effect, in which case we can express 1 Smaller rest-mass densities can be reached in binary mergers, but for λ B = 1 m and T = 0.1 MeV the MHD approach breaks down already at ρ 10 −3 g cm −3 ; see the discussion in Sec. 4.1. Eq. (18) as
where B 13 := B/(10 13 G). Clearly, the Hall timescale τ B is much shorter than the diffusion times and it can be in the relevant range of milliseconds for low densities and large magnetic field. The transition from the dissipation regime to the Hall diffusion regime, namely, when the condition τ B < τ d is fulfilled, occurs at densities ρ 10 11 B 13 g cm −3 and is independent of the lengthscale, since both timescales are proportional to λ 2 B . The dependence of τ B on the rest-mass density and λ B is shown in Fig. 3 for a fixed value of the magnetic field B 13 = 1. At low densities, e.g., ρ 10 10 g cm −3 , we have τ B < τ d for B 13 ≥ 0.1. In this region, therefore, the magnetic field can also be subject to the Hall effect, which will change its distribution on a timescale τ B . As seen in Fig. 3 and from Eq. (26), τ B reaches the value τ 0 = 10 ms for λ B = 1 km at very low densities ρ ≤ 10 −4 g cm −3 , while for λ B = 1 m the value τ B = 10 ms is reached already at the densities ρ ≤ 10 2 g cm −3 , in agreement with the scaling τ B ∝ ρλ 
Validity of the MHD approach
After having assessed the ranges of validity of ideal MHD, we can now turn to the next natural question: what limits the applicability of the MHD approach in the present context? Clearly, at very low rest-mass densities the mean free path of particles becomes large and the validity of the MHD description of matter itself can break down. We recall that hydrodynamic description of matter breaks down whenever the electron mean free path λ mfp ≥ λ B .
The mean free path of electrons is defined as λ mfp = τv, where τ is the mean collision time. For nondegenerate electrons, v 2 = 3T c 2 /ε so that we obtain [see the first equation in (12)] λ mfp = σεv n e e 2 c 2 = Am n Ze 2 c σ ρ
In essence, at low rest-mass densities and large temperatures, i.e., for ρ 6 1 and for temperatures T 1 MeV, we can obtain a simple estimate for Eq. (27) [the arguments are similar to those leading to Eq. (25)]
where we approximated ε 3T . Now we can rewrite the condition of applicability of MHD description, i.e., λ mfp ≤ λ B , as
It follows that the higher the temperature or the smaller the typical lengthscale λ B , the higher the rest-mass density below which the MHD description breaks down. In Figs. 2 and 3 we show with dashed lines where this happens, i.e., where λ B = λ mfp (ρ, T ), for two values of the temperature. Figure 4 shows the regions of validity of the MHD description of matter in the temperature-density plane for λ B = 1 km and λ B = 1 m, assuming matter as being composed of hydrogen (the case of matter composed of iron is discussed below). The temperature range considered is limited from below by the solidification of matter and covers the range −1.5 ≤ log(T ) ≤ 2. The low-temperature and high-density region corresponds to the regime where ideal MHD conditions are fulfilled. Adjacent to this, a lower density region emerges where the MHD is applicable, but the Hall effect should be taken into account; the exact location of this region depends on the strength of the magnetic field. It moves to lower rest-mass densities for the weaker magnetic field. Above the separation line λ mfp = λ B (solid black line in Fig. 4) , the low-density and high-temperature region features matter in the non-hydrodynamic regime, i.e., in a regime where the MHD approximation breaks down and a kinetic approach based on the Boltzmann equation is needed [for a discussion of kinetic regime in the context of relativistic MHD see [58] ].
We note that due to the constraint on the rest-mass density given by Eq. (29), the decay timescale τ d is bounded from below by
Assuming now that the merger process is characterized by extremely low values of λ B and T , e.g., λ B = 0.1 m and T = 0.01 MeV, we find from Eq. (29) that the MHD description is valid down to a rest-mass density ρ min 3.5 × 10 −5 g cm −3 . In this case, Eq. (30) gives an estimate τ d 40 s, which is still two orders of magnitude larger than the typical timescale τ 0 ∼ 10 ms. Hence, we conclude, that the ideal-MHD approximation in binary neutron-star simulations is always justified as long as the MHD description itself is valid. Again, we stress that our conclusion is in contrast to the existing paradigm of modelling the conductivities in neutron star binary mergers, where low-density matter features low conductivity and requires dissipative MHD treatment.
In closing, we ask the inverse question: given that the merger process is characterized by the timescale τ 0 = 10 ms, at what characteristic scales, λ lim , do resistive effects become important? To answer this question, we consider τ d 10 ms in Eq. (30) to obtain
Thus, in order for resistive effects to be relevant on the typical timescales of the order of 10 ms and for typical temperatures T 1 MeV, the characteristic lengthscales of the problem should be of the order of (or less than) a tenth of a millimeter. For completeness, we also comment on how our estimates will change if the matter consists of heavier elements, e.g., iron nucleus, which has Z = 26. As seen from Eqs. (5) Hence, τ B is smaller by a factor of two in the case of iron when compared to hydrogen and our arguments on the applicability of ideal MHD remain qualitatively valid also when Z = 26.
Conclusions
The multimessenger astronomy era started with the observations of GW170817 in electromagnetic and gravitational waves. Such events, among many other implications, already place constraints on properties of compact star integral parameters, such as masses, radii, and deformability [59, 60, 61, 62, 63, 64, 65, 66] and further insights in various aspects of compact stars are anticipated. In parallel to these developments, the assessment of the transport and dissipation in these events has been brought into focus of microphysics research recently [25, 22] .
Motivated by these recent developments, we addressed in this work the role of dissipative processes in the MHD description of neutron star binary mergers. Using recently obtained conductivities of warm plasma in the low-density matter, we have analysed the timescales for the evolution of the magnetic field under the conditions which are relevant for binary neutron-star mergers. We found that the magnetic-field decay time is much larger than the relevant timescales for the merger process in the entire density-temperature range characteristic for these processes. In other words, the ideal MHD approximation is applicable throughout the entire processes of the merger. This conclusion holds for lengthscales down to a meter, which is at least an order of magnitude smaller than currently feasible computational grids. Our finding implies a paradigm shift in resistive MHD treatment of binary neutron star mergers, as these were based on the modeling of conductivities which vanish in the low-density limit [21] . We have demonstrated that the ideal MHD description does not break down due to the onset of dissipation, rather it becomes inapplicable when the hydrodynamic description of matter becomes invalid.
We have demonstrated that the Hall effect plays an important role in the low-density and low-temperature regime. Thus, the ideal MHD description must be supplemented by an approach which takes into account the anisotropy of the fluid via the Hall effect. As is well-known, the Hall effect can act as a mechanism of rearrangement of the magnetic field resulting in resistive instabilities [23, 24] .
While our study suggests that the ideal MHD is valid for the binary neutron star simulations, a definitive answer can be reached only through fully numerical studies which include all possible dissipative effects, namely, finite electrical and thermal conductivities, as well as shear and bulk viscosities. Luck-ily, observations from merging binary neutron stars in the coming years will also provide useful information to resolve this issue.
Special relativistic dissipative MHD formulations including the full anisotropy of the transport coefficients in magnetic fields were developed previously [67, 68, 69] . A generalrelativistic formulation of the binary neutron star merger problem which includes the anisotropies of the electrical conductivity has been given already by [21] . We hope that our study will stimulate simulations which will include these effects.
